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Preface

Optimization is at the core of rational decision making. Even when the de-
cision maker has more than one goal or there is significant uncertainty in the
system, optimization provides arational framework for efficient decisions. The
Markowitz mean-variance framework is a classical example. This volume is
devoted to recent developments in optimization decision models for finance
and economics. The first four chapters focus directly on multi-stage prob-
lems in finance. Chapters 5-8 involve the use of worst-case analysis. Chap-
ters 9-11 are devoted to portfolio optimization. The final four chapters are
on transportation-inventory with stochastic demand; optimal investment with
CRRA utility; hedging financial contracts; and, automatic differentiation for
computational finance.

E.J. KONTOGHIORGHES, B. RUSTEM AND S. SIOKOS



This book is dedicated to our families.
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Chapter 1

MULTI-PERIOD OPTIMAL ASSET ALLOCATION
FOR A MULTI-CURRENCY HEDGED
PORTFOLIO *

Domenico Mignacca

Head of Risk Management, SanPaolo IMI Asset Management SGR
Via Brera 19 1-20121 Milan - Italy
domenico.mignacca@sanpaoloimisgr.com

Attilio Meucci

Manager, Bain & Co., Inc.,
via Crocefisso 10, 1-20122 Milan - Italy
attilio.meucci@bca.it

Abstract An asset allocation strategy is presented to support a fund manager who wants
to outperform a constant weights, constant hedging benchmark. This strategy
is a continuous time, multi-period extension of the classical one-period mean-
variance optimization framework.

1. Introduction

The classical mean-variance approach to portfolio optimal asset allocation
isintrinsically a one-period optimization: the investor sets atime horizon and
maximizes his expected utility at that horizon. This can be good for a private
investor, but certainly not for a fund manager whose goal is to outperform a
benchmark. In this case there is no definite time horizon: the fund manager
wantsto “aways’ do better than the benchmark, so the best asset allocation for
a fund manager is the outcome of an intertemporal optimization. The typical
approach to multiperiod optimization relies on stochastic programming (see
[3]). This approach is very flexible: setting a series of constraints one has

*Many thanks are due to Valeria Aiudi, SanPaolo IM| Asset Management SGR, for her help.



2 COMPUTATIONAL METHODS IN ECONOMICS AND FINANCE

control over awide range of parameters, among which portfolio stability. The
problem with stochastic programming is the heavy programming and machine
time required, aswell as the instability of the asset allocation as time elapses.

We develop a multiperiod model of portfolio alocation in continuous time.
The fund manager aims at outperforming a constant weights, constant hedging
benchmark by means of a stable combination of assets and hedging, assuming
that he can rebalance continuously. The optimal asset allocation is then tested
in a discrete time setting by means of Monte Carlo simulations. The paper is
organized as follows. In Section 2 we derive some formulas for the evolution
of a constant weights, constant hedging portfolios under the assumption that
assets and foreign exchange rates evolve according to a lognormal stochastic
process. We also determine the stochastic process followed by the ratio of a
constant mix portfolio and a constant mix benchmark: thisisthe relative value
that the fund manager wants to keep as large as possible. In Section 3 we
define the utility function to maximize, and then we introduce the formalism
that allows to calculate the optimal allocation. In Section 4 we illustrate in a
practical example the outcome of the optimization. Finally, we discretize the
rebalancing time step and show that the strategy’s behavior isindistinguishable
from the continuous time approximation. In Section 5 we conclude.

2. Portfolio dynamics

We start with a simple case: we consider a portfolio of n tradable assets,
whose price per share we denote by (X, ..., X,). If wedenote by (ay,...,0n)
the number of shares of each asset, we can express the portfolio’s value as

n

P(t) = Zldi ()X (t). (11)

I=
Our first @im isto determine the evolution of this portfolio under the following
constraints:

= therelative weight of each asset in the portfolio is constant

ai () X (t)

TOR w; (1.2

m the portfolio is self-financing

An easy computation shows (see Appendix 1) that under the above assump-
tions the portfolio satisfies the following equation:

dP_ 2 dX

P2 MY (1.3
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Thislaw isgeneral: it does not depend on the process followed by asset prices.
If we make the further assumption that the prices are lognormally distributed,
i.e.,

dX
W = wdt+ o;dW, dWdw, = pj;dt,
where W (t) are standard Wiener processes in the objective measure, it isim-
mediate to check that the portfolio is lognormally distributed, too

%P = Wpdt+ opdW, (1.4)

where

n
W = i;om

n
op = \/z 0i0j Pij Wy Wj.

i,]=1

Now we are ready to analyze the kind of portfolio we are interested in,
namely, aconstant weights, constant hedging, multi-currency portfolio. Again,
we consider a set of n tradable assets, whose price per share in their local
currency we denote by (X,...,Xy). Agan, we denote by (ag,...,0y) the
number of shares of each asset respectively. Furthermore, we denote by Y
the exchange rate with respect to the investor’s currency. For example, if the
investor iseuro-based and asset X% isin yen, Y, isthe number of euro necessary
to buy ayen. With these notations, the value of the portfolio in the investor's
currency reads

PO=y aOX O ). (L5)

In this case we want to determine the evolution of this portfolio under the
following constraints:

m therelative weight of each asset i in the portfolio is constant
= wy; (1.6)

m each asset i is hedged against exposure to its respective exchange rate
risk. The hedging is a constant percentage h of the asset value;

m the portfolio is self-financing.
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Itiseasy to prove (see Appendix 2) that under these assumptionsthe portfolio
evolution is described by

%Pz_iux (ﬁ (1-h)

Xi
Again, in deriving (1.7) we did not make any assumption on the dynamics of
assets and exchange rates. Assuming that they follow a lognormal process,
i.el,

DZN) gy

_.l_
Yi XY

% = udt+ o dW

dvf = vdt+T1dZ (1.8)
dwdw, = pjjdt
deZj = Eijdt
dzdz; = x;dt,

and applying Ito’s rules, we obtain (see Appendix 2) that also the portfolio is
lognormally distributed
dpP
P
The explicit formula for drift and volatility of this lognormal process turn out
to be

= ppdt+ opdW. (2.9

b = (u+Hv+D) (1.10)
op = VWHZIH, (1.12)

where

M

(s U

“\u T

S; =0i0jpij,Uij = ai1j&j, Tij = TTjXij
1-hy 0 - 0
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We derived so far the dynamics of a constant weights, constant hedging, multi-
currency portfolio. In the next section we tackle the problem of finding the
portfolio that "best” outperforms a benchmark, which is also assumed to be a
constant weights, constant hedging, multi-currency portfolio. Therefore it is
useful to derive the evolution law of the ratio of two processes P(t),B(t) (P
will represent the portfolio and B the benchmark). Dueto Ito’s lemmawe have

d(§) dP dB dPdB dBdB

5) P B PB BB

(1.12)

This relation holds for generic P(t),B(t). If these processes are lognormal,
i.e,

dFP = |det+0'pd\/\b
9B |edt+osdvis (113)

B
dWedWs = ppgdt,

astraightforward application of 1to’srulesyields (see Appendix 3) that theratio
of the two processes is aso lognormal, and that its process is described by the
following law

d (g) = dt dw.
Py~ = Mp/sdt+ Oop/gdW, (1.14)
(8)
where
Up/s = Mp — Mg — OpOBPpPB+ O3 (1.15)
Opg = \/0% + 03 — 2ppROpPUE. (1.16)

We are now in the position of computing the optimal asset allocation.

3. Optimal asset allocation

Suppose we want to form an optimal constant weights, constant hedging,
multi-currency portfolio asin (1.5)

P(t) = Zai (OX OYi(t), (1.17)
where we denote by wy the constant weights and by h the constant hedging.

Furthermore, suppose that the benchmark we are called to track and outperform
is also a constant weights, constant hedging, multi-currency portfolio

B(t) = ZlBi (OX (DY (1), (1.18)
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where we denote by @ the constant weights and by k the constant hedging.
In the lognormal economy described in the previous section, due to formulas
(1.15) and (1.16) (1.10) (1.11), weknow that theratio P/Bislognormal. Using
the above notation we can express the drift and volatility of thisratio as

bps = Up—Hs—OpOBPPE+ O (1.19)
= W(U+HV+D)—¢ (u+Kv+D)
— WH'EKe+ @gK'zK@

0%/5 = 0f+ 03— 20p0pPpPs (1.20)
= WH'ZHw+ ¢K'ZK@— 20/ H'ZK .

The drift pp /g represents the expected growth rate of portfolio P with respect
to the benchmark B. The volatility op/g represents the tracking error of the
portfolio with respect to the benchmark. In the light of a mean-variance ap-
proach to portfolio optimization we will seek the weights w and hedges H that
maximize the portfolio’s growth rate minimizing the tracking error, according
to agiven value of risk aversion k. In formulas, we will solve

2
max (pp/B - ch/B) , (1.22)

where the dependence of the variables from the wei ghts and hedges is expressed
in (1.19) and (1.20).

We notice that problem (1.21) is somewhat similar to amore direct applica
tion of Markowitz's relative return optimization framework:

_ 2
mX(uRR KORR) » (122
where?
lrr = O (H+HV) =@ (u+Kv) (123
Okr = WH'ZHw+ @K'ZK@— 2w H'ZKg. (1.24)
4. Empirical analysis

In this section we illustrate with a practical example the implementation of
(1.21). We assume that the euro-based fund manager faces a constant weights,
constant hedging benchmark of eleven assets exposed to three foreign curren-
cies. Weights and exposure of the benchmark appear in the table below. The
manager triesto outperform this benchmark by means of the constant mix asset
alocation that solves (1.21), for a parameter of risk aversion k = 5.25, finding
the set of optimal weights and hedges, also displayed in Table 1.1.

The first four assets represent global bond indices, the following six are
global equity indices, then we have aliquidity index and the three currencies.
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Table 1.1. Optimal portfolio alocation vs. benchmark

Assets/Fx Potfolio  Benchmark
Area Euro 0.0% 30.8%
Area Pound 0.0% 1.7%
AreaYen 0.0% 71%
AreaDollar 21.8% 10.4%
Europe ex-UK 11% 34.5%
UK 25.5% 2%
North America 22.4% 10.6%
Asiaex-Japan 12.3% 0.6%
Japan 0.0% 2.4%
Emerging Markets 7.1% 0.0%
Cash 0.0% 0.0%
FX USD Hedging ~ 84.3% 0.0%
FX GBP Hedging 90.4% 0.0%
FX JPY Hedging 0.0% 0.0%

Each asset is defined in local currency apart from equity Asia ex-Japan and
Emerging Markets which are defined in US dollars.

We simulate a large number (20000) of Monte Carlo scenarios for the evo-
[ution of the price of the eleven assets and the value of the three exchange
rates over atime span of a year, according to formula (1.8), where the input
parameters are displayed in Table 1.2 (the correlation matrix is available upon
request).

During the year, every determined time step, the benchmark rebalances,
and so does the portfolio, sticking to the set of optimal weights and hedges
displayed above. In the limit when rebalancing takes places continuously the
above portfolio maximizes the utility function. When the rebalancing interval
is discrete the empirical distribution of the outcomes of the simulations does
not vary appreciably. This can be seenin Table 1.3.

Indeed, we performed the simulations with a rebalancing frequency of one
day, one month and one quarter. To compare the outcomes, we displayed for
these three sets of experiments the quantiles of the average over the year of
the ratio of portfolio excess returns on the benchmark and tracking error (the
so-called | Ratio) aswell as the cumulative portfolio returns. The quantiles are
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Table 1.2. Asset class simulation parameters

Assets/Fx ExpReturns  Volatility
Area Euro 5.3% 3.6%
Area Pound 5.4% 6.2%
AreaYen 1.3% 41%
AreaDollar 8.1% 4.3%
Europe ex-UK 11% 17.7%
UK 13.6% 17.1%
North America 13.6 % 19.6%
Asiaex-Japan 13% 18.5%
Japan 7.3% 20.2%
Emerging Markets 13% 20.0%
Cash 4.8% 0.1%
FX USD 0% 10.0%
FX GBP 0% 8.3%
FX JPY 0.0% 15%

Table 1.3. One-year distribution of key statisticsin the case of discrete-time rebalancing

Rebalancing: 1 day Rebalancing: 1 month  Rebalancing: 1 quarter

Quantile IR Cumul Return IR Cumul Return IR Cumul Return

20% 1.66 24% 1.65 24% 1.66 24%
30% 1.26 19% 125 19% 125 19%
40% 0.94 15% 0.94 15% 0.93 15%
50% 0.65 11% 0.65 11% 0.65 11%
60% 0.38 8% 0.37 8% 0.37 8%
70% 0.08 4% 0.08 4% 0.08 4%
80% -0.25 0% -0.25 0% -0.25 0%

90% -0.67 -5% -0.69 -5% -0.69 -5%
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statistically indistinguishable, therefore the step from continuous (theoretical)
to discrete (rea-life) rebalancing does not affect the optimality of the strategy.

5. Conclusions

In this note we describe a multiperiod, continuous time theory of multi-
currency, constant mix asset allocation. Then wetest its application in discrete
time. The theory relies on the assumption that asset prices and exchange rates
follow lognormal stochastic process. Thisis apopular, nonetheless strong ap-
proximation to reality, that describes the whole evolution of the economy in
terms of the first two moments of their joint distribution. Even so, drifts and
covariance matrices are not known: they have to be estimated. Robustness
analysis plays akey rolein this framework, sinceit iswell known [5] that opti-
mization results are very sensitive to minimal changes in the input parameters.
Furthermore, given the analytic expression for the evolution of constant mix
portfolios (and benchmarks) (1.9) one might consider different utility func-
tions: one option is the probability to beat the benchmark, as described by one
of theauthors[1]. Another interesting utility function stemsfrom the similarity
between the present theory and the direct application of a classical one-period
mean-variance approach discussed above: asin [4], optimization in terms of
relative returns on abenchmark implies suboptimal absolute returns; one might
therefore consider a beta-constrained version of the problem. To conclude we
hope that the computationally non intensive, stable asset allocation we propose
in this paper will help some fund managers improve their performances.

Appendix
1. Constant weights, one-currency portfolios
The self-financing condition
'Zcxi (Xi -I-d)ﬁ):'z\(ai-l-ddi)(xi +dX) (1A
simplifiesto
_zidai (X +dX) =0. (LA.2)

The evolution is described by

Zid ai X Z\dm)(' +aidX +daijdX

= i;GidXi = i;GiXi77

where we made use of equation (1.A. 2) The last expression implies

dP a.x. dx. n
— 1A3
p=2 Zi x. (LA3)
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Thisisthe evolution law of the portfolio, no matter what the process for the asset pricesis. We
will now make the further assumption that the assets are lognormally distributed. This means

%:pdeFOidW, dWdw, = pjjdt.
Under this condition it isimmediate to check that the portfolio islognormally distributed
%P = ppdt + opdW, (1.A.9)
where
n
b = OO 1
2
n
op = Z W00 PjjWj.
i,j=1
2. Constant weights, constant hedging, multi-currency

portfolios

Wewill first write the conditions self-financing and constant hedge in analytical terms. Con-
sider the portfolio (1.5) at ageneric timet and suppose a percentage h of each asset i is hedged
against exposure to the currency exchange rate risk. This means that in the infinitesimal time
period dt the portfolio value evolves as follows:

P=> aiXYi — 5 (aiXYi+aid (XY;) —hijoXdY).
i; i;( (XY0) )

At the end of theinfinitesimal time period dt the investor rebalances her portfolio, buying shares
and new hedging. The cost of hedging is zero, though. Therefore, the self-financing condition
reads

_i(amvi Foid (%) — iy X dY) = (LAS)

:i(ai +dai) (% +dX) (Y +d¥)

and the condition of constant hedging simply means h = constant;. We can simplify (1.A.5).
Thel.h.s. reads

n

Z\(aixiYi +aidXYi + ;X dY, +a;idXdY —hjai X dY)
i=
and ther.hs. is

_i\(di (Xi +dX) (Yi +d¥) +daj (X +dX) (Y +dY))) =

n

= ‘Zk(aiXiYi +aidXY; +aiXdY +a;dXdY+ (LA.6)

+ doj (X +dX) (Y +dY) ).
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Therefore (1.A.5) simplifies to:
n n
ZlhidiXiin =— ZdGiXiYi +da;dXY; +da; XdY, +dojdXdY. (L.A.7)
i= =
We can use these constraints to determine the portfolio evolution:

P~ 3 dax)

= Z(GidXYi +0iXdY +aidXdY 4 da; X Y;
i7

T+ doydXY 4 dapxidy + dogdXdY, )
n
Z\(GidXYi +(1—h) X dY +aidXdY),

where we made use of equation (1.A.7). Thelast expression implies

dP - 2 aiXYidX o XY dY | aiXY dX dYf
P £ P WJr(l NVt X Y
_ 2 X| d¥

where we made use of (1.6). Now we assume lognormality (1.8): substituting this condition
in (1.A.7) and applying Ito’s multiplication rules we get

dpP n
B = Z(q(u;dt—l—oidW)—l—(l—hi)wi(vidt—l—ridZ)—l—wi(uidt—l—oid\/\()(vidt—l—ridZ)
i=
n
= medw(1fha)uxvidt+mcidedz+cq0adW+(1fhi)udea
n
= Z(wiua+(1—hi)wivi+wicriTiEn)dt+wioidW+(1—hi)wiTidZ.
i=
Therefore
dFP=|,lpdt-|-0'p('JV\/7
where
n
W = Z(um+(1—hi)uxvi+umiriﬁn)
i=

n
o5 = z (mioojcicjpij +woi (1—hj) @jTi&ij + (1—hi) (1—hj) 0w TiTjXij) -
i,j=1
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3. The evolution of the ratio of two lognormal processes
By simple substitution of (1.13) into (1.12) we obtain
d(§) _ dp_dB_dpdB dBdB
(g) TP B P B B B
= updt+opdWb — pgdt — ogdWg
—  (Mpdt+opdWk) (ppdt+ ogdWk)

+  (psdt+ogdWg) (Uusdt+ opdWb)
= ppdt+ opdWp — ppdt — ogdWs — opogppedt + OZBdt
= (UP*HB*UPUBPPBJrU%) dt+opdWp — ogdWh.

This proves our statement.

Notes

1. Thisnotation includes the case where asset i’s currency and asset j's currency are the same, in which
case
Vi =Vj, T =Tj, Xij =1

2. Thisisthe usual framework as found, e.g. in Hull [2]. A more precise expression should take the
second order effect of the covariance of FX and asset returns into consideration.
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