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Abstract

The most popular approach to asset alocation is by far Markowitz' s efficient
frontier framework, where the investor’s goal isto maximize a mean-variance
utility function. Even though this problem has been thoroughly studied and
implemented worldwide, it is still common to fall into misunderstandings due
to an inappropriate use of the definitions of returns on assets. these
misunderstandings lead to sub-optimal asset alocations. In this paper, first

we define the proper theoretical framework, then we compare in an example the
asset allocation obtained in the correct and the incorrect approach respectively.
The differences are significant, especially for long investment horizons. Further-
more, we obtain the surprising result that, under standard hypotheses, along-
horizon allocation should invest in less volatile assets than a short-horizon
allocation, contrary to the common belief that “for the long run stocks are a better
investment than bonds™'.
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The most popular approach to asset allocation is by far Markowitz’s efficient
frontier framework, where the investor’s goal is to maximize a mean-variance
utility function. Even though this problem has been thoroughly studied and
implemented worldwide, it is still common to fall into misunderstandings due
to an inappropriate use of the definitions of returns on assets: these misunder-
standings lead to sub-optimal asset allocations. In this paper, first we define
the proper theoretical framework, then we compare in an example the asset
allocation obtained in the correct and the incorrect approach respectively. The
differences are significant, especially for long investment horizons. Furthermore,
we obtain the surprising result that, under standard hypotheses, a long-horizon
allocation should invest in less volatile assets than a short-horizon allocation,
contrary to the common belief that “for the long run stocks are a better invest-
ment than bonds”.

1 Introduction

Markowitz’s mean-variance approach (Markowitz [1959]) can be summarized as
follows: find the combination of the given assets that maximizes the expected
return on a portfolio 7w at a specified time horizon 7 for a given level of risk
aversion k. This optimization problem can be written as

max (B, (RT)— k- var (R)), (1)

. feasible
combinations of assets

where R™ is the portfolio return at the given horizon, the constant k is the
risk aversion E} (-) is the expected value at the current date ¢ and vary (+) is the
expected variance. Before we can solve this problem, we need a precise definition
of returns: we have to distinguish between logarithmic (or compounded) and
linear returns. Consider a generic asset whose price we denote P;. Logarithmic
returns ry , at time ¢ with horizon 7 are defined in such a way that P, =
e"t7 Py, therefore »
s = m%). (2)

On the other hand linear returns R, at time ¢ with horizon 7 are defined in
such a way that Py, = (1 + Ry ;) P, therefore
Rt .= PtJr‘r
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The classical mean-variance optimization problem (1) is set in terms of linear
returns. Of course, one could as well define it in terms of logarithmic returns,
but two major problems would arise: the links with utility theory would be lost
(Ingersoll [1987]), and the mathematics would be much harder. Indeed, if we
denote by w; the i-th asset ’s relative weight in our portfolio it is straightforward
to check that the linear return on the portfolio at the horizon 7 is the weighted
average of the linear returns R, on the assets: RT = w'R,. Therefore the
expected value of the linear return on the portfolio can be expressed in terms
of the expected values M, of the linear returns on assets as F (RT) = w' M,
and the expected variance of the linear return on the portfolio can be expressed
in terms of the expected covariance matrix S; of the linear returns on assets
as vary (RT) = w'Srw. This is not true if we set problem (1) in terms of
logarithmic returns. If the horizon is relatively short, say of the order of one
year, the differences that arise from misspecifying the returns are negligible.
The situation changes at longer horizon, as we show here.

2 The correct framework

In this section we go through all the steps of an asset allocation problem as
faced by a practitioner, highlighting the mistakes that arise from misspecifying
the returns and fixing them on the way.

Step 1: We choose a set of assets to form our portfolio (in our example,
US bonds 1-3yrs, US bonds 7-10yrs, US stocks utilities, US stocks financial, US
stocks technology), we set an investment horizon 7 and a level of risk aversion.

Step 2: We input the expected covariance matrix of linear returns on assets
at the specified horizon S;. One option is to estimate it directly based on time
series analysis, but we typically have too few observations when the horizon is
large. Therefore we need to derive it by means of models, which are usually
set in terms of logarithmic returns. In our example we assume that asset prices
follow a lognormal stochastic process. Therefore, first we estimate from our ten
year time series the covariance matrix of logarithmic monthly returns on assets.
¥1/12 by means of the standard formula; then we model the covariance matrix
at the desired horizon X, = ¥,15 - 12 - 7. Of course, other models could be
assumed to obtain X, (e.g., weak mean reversion of returns, interpolation of
weighted estimates at different horizons,...).

Step 3: We input the expected linear returns. In common practice, one
expresses views on returns by means of some model in terms of one-year horizons,
which is tantamount to inputting expected one-year linear returns on assets
M; = E(Ry;1). To illustrate, in our example we used a simple risk-premium
model, that assumes these returns are one third of the yearly volatility.

Step 4 (Incorrect!): We compute the expected linear returns on assets
at the horizon as p, = My - 7 and solve (1) for the best portfolio:

max (W — k'S w) (4)

s.t. Zwi =1

We stress that (4) is incorrect: ¥, is not the covariance matrix of linear re-
turns and g, are not the expected linear returns. Furthermore, p, are not even
expected logarithmic returns (only a first order approximation). But even if



1 were expected logarithmic returns, w’p, is not the expected value of port-
folio’s logarithmic return and w’Y,w is not the expected variance of portfolio’s
logarithmic return:

B (17,) # /i 5)
vary (7“;7_) # W'Y w

Therefore(4) would not solve (1) even if it were stated in terms of logarithmic
returns.

Step 4 (Correct!): Therefore, instead of solving (4), we need to compute
from our inputs M; and X, the expected values and covariance matrix of lin-
ear returns at the given horizon M and S;(see the appendix) and then solve
problem (1) the proper way:

max (W' M, — kw'S,w) (6)

s.t. Zwi =1

In the figures we compare the correct and the incorrect approach.

In Figure 1 the investment horizon is one year. In the plot on the left we
show the correct and the incorrect efficient frontiers, i.e., the solutions to the
correct (6) and the incorrect (4) maximization problems for all levels of risk
aversion k. On each frontier we select a specific portfolio, which corresponds
to a given value of risk aversion (k = 2). In the plot on the right, we show the
asset allocation corresponding to that portfolio in the correct and the incorrect
approach respectively. Since the investment horizon is relatively short, i.e.,
one year, logarithmic and linear returns are approximately the same and the
differences in terms of both efficient frontiers and asset allocations are negligible.
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Ten-year horizon.

As the investment horizon becomes larger, the difference between linear and
logarithmic returns gives rise to completely different scenarios. In Figure 2 we
shift the investment horizon from one to ten years and then we plot efficient
frontiers and optimal asset allocation of a specific portfolio just as we did in
Figure 1. The incorrect efficient frontier, plotted as solutions to the incorrect
maximization problem (4) for all levels of risk aversion k, is now completely
distorted with respect to the correct efficient frontier that solves (6). As for the
optimal asset allocation, the incorrect approach yields exactly the same asset
allocation as it did at a short horizon, due to the horizon invariance of (4) under
the lognormal hypothesis. The correct approach, on the other hand, overweighs
less volatile assets, as opposed to the common belief that “for the long run
stocks are a better investment than bonds”.

3 Conclusions

Markowitz’s mean-variance approach to optimal asset allocation seeks to maxi-
mize a portfolio’s expected linear return minimizing the volatility of the portfo-
lio’s linear return. Practitioners instead typically use logarithmic returns: this
is mathematically inconsistent and the resulting asset allocation is suboptimal.
To illustrate, we show the optimal asset allocation resulting from the standard
assumption that the processes followed by the asset prices are lognormal: solv-
ing the problem the incorrect way, i.e., with logarithmic returns, we obtain
a horizon-invariant asset allocation; solving the problem the correct way, i.e.,
with linear returns, we obtain the surprising result that optimal long-horizon
investments are composed by less volatile assets than short-horizon investments.
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A Appendix

Here we provide a way to compute the covariance matrix and expected values
of linear returns for a generic distribution of the logarithmic returns ¢ (r). Our
aim is computing the expected values and covariance matrix of linear returns
at all horizons 7

M, =ER;,), Sy =cov (R ;).

First we express the linear returns in terms of the logarithmic ones: from (2)
and (3) we see that R, ; = e"7 — 1. Therefore

=R = [ B uea = [ (- 1) e ar

Similarly
E(Ri.Rl,)= / Ri . (r) B}, (r) ¢ (r) dr = / (et = 1) (ertr = 1) o (x) dr
= /GT::TJFT{vTi/) (r)dr— / er:ﬂ/) (r)dr— / er{ﬂ/) (r)dr+1

We notice that the above quantities can be easily expressed in terms of the
moment-generating function ¢ (t) = [ ety (r) dr of the distribution . In our
lognormal economy the moment-generating function reads ¢, s (t) =t/ ntat’St,
Therefore, the expected linear returns turn out to be

T DA
M. =el~"2 1 (7)
As for the second moment, we obtain
i opi\ il 43 (2E R ot i Ly iy

and thus
i — g (Ri,TRg,T) CMIMI = ettt E (B YY) (ez:p' _ 1) (8)

Equations (7) and (8) represent the correct parameters for the maximization
problem (6), in terms of the covariance matrix of logarithmic returns ¥, and
the expected logarithmic returns py, = E (r¢,,). Since our original inputs are ¥,
and the one-year expected linear returns M; = E (Ry 1), we still have to derive
an expression for p,. Again, we assume that asset prices follow a lognormal
stochastic process, but other models could be considered. Under this hypothesis
there is a v such that ¢ = 1+ M; and F (r; 1) = v — diag (X1) /2. Eliminating
v we obtain .

pr =1y =7In(1+M;) — §diag (31). 9)

Inserting (9) in (7) and (8) completely determines the parameters to solve the
optimization (6).
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